Abstract. Complex networks have emerged as an important area of geoscience to generate novel insights into nature of complex systems. To investigate the information flow in ionosphere, the directed complex network is constructed based on the conditional independence theory. The results of the power-law hypothesis testing show that both the out-degree and in-degree distribution of the ionospheric network are not scale-free. The topological structure of the ionospheric information network is homogeneous. The spatial variation of the ionospheric network shows the connection principally exist between the neighbors in 5 space, indicating that in ionosphere the information transmission is mainly based on the spatial distance. Moreover, the spatial edge distributions show that the information travels further along the latitude than along the longitude. Perhaps, this is because the dramatic variation of ionosphere along the geomagnetic field interrupts the information flow. Moreover, the analysis of small-world-ness shows the ionospheric information network is small-world, which may result from the current system in the ionosphere. The fractal analysis shows the ionospheric network is not self-organized, indicating the complexity of the spatial 10 variation for long time in ionosphere.
a stationarized model of dimensionality-reduced surface air temperature data. Peron et al. (2014) investigated the temperature network of the North American region and showed that two network characteristics have marked differences between the eastern and western regions, which were a reflection of the presence of a large network community on the western side of the continent.
Another geophysical application of complex networks is about seismological science. Baiesi and Paczuski (2005) con-5 structed directed networks of earthquakes by placing a link between pairs of events that are strongly correlated. Their results showed that the network was scale-free and highly clustered. Abe and Suzuki (2006) constructed growing random networks by the seismic data and found that these earthquake networks were scale-free and small-world. Jiménez et al. (2008) divided the Southern California region into cells of 0.1
• and calculated the correlation of activity between them to create functional networks showing the small-world features. Suteanu (2014) proposed a network-based method for the assessment of earth-10 quake relationships in space-time-magnitude patterns and results were further applied for the study of temporal changes in volcanic seismicity patterns. Furthermore, the complex network theory is also used in the study of other geoscience field, like rock fractures and cave passages (Phillips et al., 2015) . On the ionosphere, the network theory was discussed by Podolská K. et.al. by two abstracts in 2010 and 2012 EGU General Assembly Conference (Podolská et al., 2010 (Podolská et al., , 2012 . However, the response email says the publications are still being prepared. The prior abstract wanted to study the correlationships between 15 main ionospheric parameters. The other one attempted to study the influence of geomagnetic disturbances and solar activity on thermal plasma parameters. So none of them tried to make complex networks description of ionosphere.
Matter, energy and information are called the three components of nature. In this article, we utilize directed complex networks to interpret ionospheric dynamical processes as information flow and describe its characteristics in ionosphere. Ionospheric data supplied by the Centre for Orbit Determination in Europe (CODE) are selected. The article is organized as follows.
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The data and method description are provided in Section 2. Furthermore, the results about the patterns of the ionospheric information flow are presented in Section 3, finding that the network is homogenous and small-world for information transmission.
The locally connected network is not length-scale invariant. Section 4 discusses the summary and conclusions.
Description of Data and Methods

VTEC Data Source
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As a critical physical quantity of ionosphere, Vertical Total Electron Content(VTEC) carries abundant information about the climatological variation of ionosphere (Ercha et al., 2015) . The International Global Navigation Satellite System Service (IGS) supplies global VTEC data with 2-hours time resolution. The dataset is determined from more than 200 IGS stations within a global scale (Wei et al., 2009) . CODE, as one of 5 analysis centres of IGS, has estimated VTEC from the dual-frequency code and phase data of GPS since April 1998 (Guo et al., 2015) . In the current research, VTEC data is derived from CODE 2.2 Mapping the data to a probabilistic graph 5 As a complex system, the ionosphere is usually characterized by the presence of multiple interrelated aspects, which are caused by atmospheric waves, geomagnetic field and so on. The ionosphere, also involves a significant amount of uncertainty.
Moreover, our observations are always noisy, even those aspects that are observed are often observed with some error. So, probability need to be used to represented such random property. As a result, probabilistic graph is selected to model the interrelation and uncertainty. We describe the ionospheric data as realization of a multivariate probabilistic graph on the global 10 spatial grid.
Probabilistic graphs use a graph-based representation as the basis for compactly encoding a complex probabilistic distribution over a high-dimensional space (Koller and Friedman, 2009 ). Probability graph is a useful way of visualizing interactions between multiple variables. Therefore, in addition to inference, probabilistic graphs can also be used to discover the knowledge within the dataset. As complex networks, probabilistic graphs are constructed to represent a joint distribution by making 15 conditional independence (CI) assumptions. The nodes in the networks represent random variables, and the edges represent CI assumptions (Murphy, 2012) . The absence of an edge between two nodes implies that the corresponding random variables are conditionally independent given all other nodes. Based on the probability theory, we say X and Y are CI iff the conditional joint can be written as a product of conditional marginals:
20
As is known, the electric current is generated by the directed moving electric charge. Because of the existence of ionospheric current system, we believe the interaction between variables in ionosphere is directed. Moreover, as suggested in (Zerenner et al., 2014) , directed complex network can offer additional knowledge, like information transmission and the distinction between child and parent nodes. Thus, we can determine networks that only include directed edges between geographic locations in the ionospheric networks. As following, the construction of the directed ionospheric network, aka Bayesian probabilistic 25 graph, is introduced to describe the information flow in global ionosphere. Conditional independence tests involving sets of variables can be used to determine the existence and direction of connections (i.e., the existence and direction of information flow)(Ebert?Uphoff and Deng, 2012).
As the metaphor shown in (Jie et al., 2002) , we can view a Bayesian network as a information pipeline system, where nodes are valves which are connected by information channels (arcs). Information can flow through channels. Suppose two 30 nodes, X and Y , are not directly connected (conditional independent) within the current network structure. There should be no information flow between these nodes after closing all of the existing indirect connections between X and Y . So the process of conditional independence is performed via 'information flow'. Furthermore, the mathmatical definition of infromation flow is shown in (Nihat and Daniel, 2011 ).
The network structure, i.e., which nodes are connected by an edge and directions of edges, is calculated using the Fast Greedy Equivalence Search (FGS) algorithm developed by Joseph Ramsey et.al. (Ramsey et al., 2017) . We use the implementation of the FGS algorithm in the TETRAD package (Version 5.3.0-2, available at http://www.phil.cmu.edu/projects/tetrad/) and make 5 the penalty discount is 10. The result is shown in Figure 1 .
Results and Discussion
Degree distribution of the ionospheric networks
As one of the most important parameter to depict the nodes, degree in a network is the number of connections the node has, and the degree distribution is the probability distribution of these degrees over the whole network. For directed network, the degree 10 distribution is divided into two different kinds, the out-degree distribution, which is the distribution of outgoing edges, and the in-degree distribution, which is the distribution of incoming edges. The degree distribution of Fiugre 1 is shown in Figure 2 .
It has been reported that real system networks often exhibit so called free-scale properties (Barabási and Albert, 1999) . This means their degree distribution follows a power law, at least asymptotically. That is, the number of links k of a given node exhibits a power law distribution
, where P (k) can be calculated by the statistical frequency and γ is a parameter whose value is typically in the range 2 < γ < 3. Form the distribution shown in Figure 2 , it is hard to determine whether the observed degree is drawn from a power-law distribution or not. Clauset et al. (2009) presented a principled statistical framework for discerning power-law behavior in empirical data. As the method shown in (Clauset et al., 2009) , we attempt to test the power-law hypothesis quantitatively. Both the results of out-degree and in-degree reject the hypothesis, indicating that 5 the ionospheric network is not a scale-free network. So, the topological structure of the ionospheric information network is homogeneous. There are no obvious 'hub' nodes in ionosphere. In other words, in the ionospheric information transmission, there is no distinctive spatial position performing as sources or attractors.
Spatial variation of the ionospheric network
Compared with the undirected probabilistic graph, the directed one can provide the additional knowledge about the information 10 transmission within the network, providing an alternative viewpoint on the ionosphere. We particularly focus on the directe edges, which indicate the information flow in a network (Figure 1) . In order to track these flow, we calculate the spatial distribution of edges based on the latitude and longitude difference between the beginning and end of directed edge. The result is shown in Figure 3 . The positive differences represent the directions of edges are from west to east and from north to south.
As is shown in Figure 3 , the nodes are connected mainly to their spatial neighbors. The local connections indicate that, in 15 ionosphere the information flow transmission is mainly based on the spatial distance, the nearby principle. Furthermore, from the approximate symmetry along the Xlabel in Figure 3 (b) and (c), we can discover that, the information transposition are almost the same in the west and east (south and north) direction. From Figure 3(b) and (c), we can easily find that the number of edges decreases as the increase of the absolute value of latitude and longitude difference. In addition, comparing with the standard deviations of the distribution shown in Figure 3 (b) and (c), which are 16.42 and 50.51, the results show that the distribution curve along the latitude difference is more steep than that along longitude difference. Thus, the rate of decrease along the latitude difference is larger than that along the longitude difference. Accordingly, the information propagates further along the latitude than the longitude, which may be attributed to the orientation of geomagnetic field. Roughly speaking, the geomagnetic field travels meridionally with a small deflection. As is known, the moving electrons drift along the geomagnetic field 5 line spirally. Therefore, the ionosphere changes more dramatically along the longitude than latitude, then, the fast information fading along longitude interrupts the information transmission.
Nevertheless, the ionospheric network is not completely connected locally. Long-range connections emerge both in the latitude and longitude direction. So the ionospheric network possess a basically ordered structure with some additional longrange connections, exhibiting the property of small-world. 
Small-world structure of the ionospheric network
Lying between the completely random and completely regular network, the small-world network is a type of graph in which any given node are likely to reach every other node by a small number of steps comparing with the total number of network nodes . The 'six degrees of separation' in social networks is one of the most famous examples. Watts and Strogatz (1998) found that some networks can be highly clustered, like regular lattices, yet have small characteristic path 15 lengths, like random graphs. To investigate the small-world structure of the network, the original ionospheric has to be reduced to an undirected graph Suzuki, 2006, 2009) . Furthermore, to mathematically describe the small-world property, two 6 Nonlin. Processes Geophys. Discuss., https://doi.org /10.5194/npg-2017-29 Manuscript under review for journal Nonlin. Processes Geophys. 
Here, C i is the local clustering coefficient of node i. k i is the degree of node i and ∆ i denotes the number of edges between the neighbors of node i with node i itself excluded. The global clustering coefficient C is defined as the average of all local clustering coefficients C i . N is the number of nodes and d ij denotes the length of the shortest path between the nodes i and 10 j. d ij is calculated by Dijkstra algorithm (Newman, 2010) . Thus, C describes the local connections, while L characterizes a network's connectivity structure globally (Zerenner et al., 2014) .
To be quantitatively defined as a small-world network, values for two network properties must be compared with their values for the equivalent random graph, which has the same degree on average. A measurement of 'small-world-ness' is proposed as follows (Humphries and Gurney, 2008; Humphries et al., 2011) :
where C and L are the average clustering coefficient and average shortest path length of the given network, while C r and L r are those of the the equivalent random network. If the given network fulfil the conditions, σ > 1 and C/C r > 1, it meet the small-world criteria. To reduce the impact of randomness, the results shown in Figure 4 is calculated by 150 random networks.
From Figure 4 (a) and (c), we can easily find that the results all satisfy σ > 1 and C/C r > 1. Shown in Figure 4 are close to the real value, the averages 6.64 and 8.08. Therefore, the ionospheric graph behaves as a small-world network. In the ionospheric network, the small-world structure indicates that the information transmission may have short-cuts beyond the Euclidean distance. The long-range connections which might result from the current systems in the ionosphere.
Fractal nature of ionospheric networks
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With the aim of providing a deeper understanding of the underlying mechanism within the ionospheric network, we investigate the fractal topology of the undirected complex network gotten in the prior Section. Song et al. (2005) algorithm to demonstrate the existence of fractality in many real networks. In accordance with regular fractals, the fractal dimension can be calculated by Box-counting method. The relation between the minimum number of boxes N B (l B ) needs to cover the network and the size of the box l B follows the power law as follows:
If Equation 6 is satisfied by the given network, then log N B (l B ) ∼ −d B log l B . Thus, the fractal dimension d B can be
In the practical application, D B is usually determined by the negative of the slope of line fitted by lg N B (l B ) and lg l B (Molontay, 2015) .
The ultimate goal of all box-covering algorithms is to locate the optimum solution, i.e., to identify the N B (l B ) value for any given box size l B . Song et al. (2007) demonstrated that this problem can be mapped to the graph coloring problem, which was known to belong to the family of NP-hard problems. To solve the problem efficiently, the greedy coloring algorithm is 10 used. As the Song et al. (2005) suggested, the greedy coloring algorithm can both reveal the length-scale invariant topology and determine the fractal exponent. However, a dual network should be constructed beforehand by the application of a renormalization procedure which coarse-grains the system into boxes containing nodes within a given size l B . In the greedy coloring algorithm, boxes are treated as the nodes of the dual network. Vertex coloring is a well-known procedure, where colors are assigned to each vertex of a network. Accordingly, the minimum number of boxes N B (l B ) is equal to the minimum required number of colors. The details of the algorithm is shown in . Because the results of the greedy algorithm may depend on the original coloring sequence, we randomly reshuffle the original coloring sequence and apply the greedy algorithm for 10,000 times to investigate the quality of the algorithm. The results are shown in Figure 5 .
Here, l B ranges from 1 to l max B , which is the maximum distance in the network plus one. Based on the boxing counting algorithm, the distance l between the nodes in the same box should fulfil l < l B . Therefore, when l B is 1 and l max B , the 5 minimum number of boxes N B is the number of node and 1, as is shown in Figure 5 
. Therefore, from one year's time 10 length, the ionospheric networks does not have length-scale invariant topology, indicating the complexity of the ionospheric spatial variation for long time. The spatial long-term model's construction of ionosphere is still a challenging work.
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As an efficient nonlinear approach to describe the spatially extended dynamical systems, complex network is used to analyze the spatial transmission of information in global ionosphere in this paper. As a Bayesian probabilistic graph, the ionospheric information network is constructed based on the conditional independence theory. We have analyzed the topology of the ionospheric network. The results of the power-law hypothesis testing show that both the out-degree and in-degree distribution 5 of the ionospheric networks are not scale-free. None of the spatial position plays a eminently important role in the transmission of ionospheric information. The spatial variation of the ionospheric network shows the connection principally exist between the neighbors in space, indicating that in ionosphere the information flow transmission is mainly based on the nearby principle.
Moreover, the spatial distributions of edges show that the information travels further along the latitude than the longitude.
Perhaps, this is because the dramatic variation of ionosphere along the geomagnetic field interrupts the information flow. In 10 addition, the small-world structure is studied. The small-world-ness is found to be larger than 1. Meanwhile, the clustering coefficient is larger than those of the classical random graphs. Thus, the ionospheric information network is small-world, which may result from the current system in the ionosphere. Also, the analysis of the length-scale invariant topology shows the ionospheric network is not fractal, indicating the complexity of the spatial variation for long time in ionosphere. In general, the complex network provide a peculiar perspective for the ionosphere research. Depending upon the choice of nodes and/or 15 edges and/or methods, ionospheric networks may take different forms to study different property of ionosphere.
